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ON THE EXPONENT OF THE WEAK
COMMUTATIVITY GROUP χ(G)
R. BASTOS, E. DE MELO, AND R. DE OLIVEIRA
Abstract. The weak commutativity group χ(G) is generated by
two isomorphic groups G and Gϕ subject to the relations [g, gϕ] =
1 for all g ∈ G. The group χ(G) is an extension of D(G) =
[G,Gϕ] by G × G. We prove that if G is a finite solvable group
of derived length d, then exp(D(G)) divides exp(G)d if |G| is odd
and exp(D(G)) divides 2d−1 · exp(G)d if |G| is even. Further, if
p is a prime and G is a p-group of class p − 1, then exp(D(G))
divides exp(G). Moreover, if G is a finite p-group of class c ≥ 2,
then exp(D(G)) divides exp(G)⌈logp−1(c+1)⌉ (p ≥ 3) and exp(D(G))
divides 2⌊log2(c)⌋ · exp(G)⌊log2(c)⌋+1 (p = 2).
1. Introduction
Let Gϕ be a copy of the group G, isomorphic via ϕ : G → Gϕ,
given by g 7→ gϕ. The following group construction was introduced
and analyzed in [14]
χ(G) = 〈G ∪Gϕ | [g, gϕ] = 1, ∀g ∈ G〉.
The weak commutativity group χ(G) maps onto G by g 7→ g, gϕ 7→ g
with kernel L(G) = 〈g−1gϕ | g ∈ G〉 and maps onto G × G by g 7→
(g, 1) , gϕ 7→ (1, g) with kernel D(G) = [G,Gϕ] = 〈[g, hϕ] | g, h ∈ G〉.
It is an important fact that L(G) and D(G) commute. Define T (G) to
be the subgroup of G×G×G generated by {(g, g, 1), (1, g, g) | g ∈ G}.
Then χ(G) maps onto T (G) by g 7→ (g, g, 1), gϕ 7→ (1, g, g), with kernel
W (G) = L(G)∩D(G) ≤ Z(L(G)D(G)) and χ(G)/W (G) is isomorphic
to a subgroup of G × G × G. Another normal subgroup of χ(G) is
R(G) = [G,L(G), Gϕ] ≤ W (G). By [10, Lemma 2.2] the following
sequence
1 → R(G) →W (G)→M(G) → 1
is exact, where M(G) is the Schur multiplier of G (cf. [7]). For a fuller
treatment we refer the reader to [10, 14]. See also [5, 6].
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In [10], N.R. Rocco describes some bounds on the order and nilpo-
tency class of χ(G), when G is a finite p-group, p odd. Recently, in [1],
the authors prove that if p is odd and G is a powerful p-group, then
D(G) and all γk(χ(G)) are powerfully embedded in χ(G). Moreover,
if G is a powerful 3-group, then exp(χ(G)) divides 3 · exp(G); and if
p ≥ 5, then exp(χ(G)) = exp(G).
In [8], Moravec showed that if G is a finite solvable group, then
exp(M(G)) divides exp(G)2d−1. Later, in [12], Sambonet improves the
previous bound proving that if G is a finite solvable p-group, then
exp(M(G)) divides 2d−1 · exp(G)d if p = 2 and exp(M(G)) divides
exp(G)d if p > 2. Now, we extends this bound for the exponent
exp(D(G)) and exp(χ(G)).
Theorem 1.1. Let G be a finite solvable group of derived length d.
i) If |G| is odd, then exp(D(G)) divides exp(G)d and exp(χ(G))
divides exp(G)d+1.
ii) If |G| is even, then exp(D(G)) divides 2d−1·exp(G)d and exp(χ(G))
divides 2d−1 · exp(G)d+1.
In [2], Ellis proved that if G is a p-group of class c ≥ 2, then
exp(M(G)) divides exp(G)c−1. In [8], Moravec showed that if G is a
p-group of class c ≥ 2, then exp(M(G)) divides exp(G)2·⌊log2(c)⌋. Later,
in [13], Sambonet proved that if G is a p-group of class c ≥ 2, then
exp(M(G)) divides exp(G)⌊logp−1(c)⌋+1 if p > 2 and exp(M(G)) divides
2⌊log2(c)⌋ · exp(G)⌊log2(c)⌋+1. We obtain the following related results.
Theorem 1.2. Let G be a p-group of class at most p− 1. Then D(G)
has class at most p − 1, exp(D(G)) divides exp(G) and exp(χ(G))
divides exp(G)2.
Theorem 1.3. Let G be a p-group of class c.
i) If p is odd, then exp(D(G)) divides (exp (G))n and exp(χ(G))
divides (exp (G))n+1, where n = ⌈logp−1(c+ 1)⌉.
ii) If p = 2, then exp(D(G)) divides 2m ·exp(G)m+1 and exp(χ(G))
divides 2m · exp(G)m+2, where m = ⌊log2(c)⌋.
We will denote by τ(G) the quotient χ(G)/R(G). In particular,
the subgroup D(G)τ(G) = [G,G
ϕ]τ(G) is isomorphic to the non-abelian
exterior square G ∧G and W (G)τ(G) is isomorphic to the Schur multi-
plier M(G) (see [10, 11] for more details). As the non-abelian exterior
square G ∧ G is a section of D(G), it seems natural to obtain bounds
on the exponent exp(D(G)) using known bounds for exp(G ∧ G) and
exp(R(G)). Unfortunately, this approach does not seem easy to imple-
ment in practice, see Remark 2.4 for more details.
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2. Preliminary Results
The following theorem is known as P. Hall’s collection formula (see
[3, Theorem 2.6] for more details).
Theorem 2.1. Let G be a p-group and x, y elements of G. Then for
any k ≥ 0 we have
(xy)p
k
≡ xp
k
yp
k
(mod γ2(L)
pkγp(L)
pk−1γp2(L)
pk−2γp3(L)
pk−3 · · ·γpk(L)),
where L = 〈x, y〉. We also have
[x, y]p
k
≡ [xp
k
, y] (mod γ2(L)
pkγp(L)
pk−1γp2(L)
pk−2 . . . γpk(L)),
where L = 〈x, [x, y]〉.
The next lemma is well-known (see for instance [4, Lemma 2.2.2]).
Lemma 2.2. Let x and y be arbitrary elements of a group and suppose
that z = [x, y] commutes with both x and y. Then (yx)i = yixiz
i(i−1)
2 .
The remainder of this section is dedicated to describe some structural
results of χ(G) which will be useful in the proof of the main results. The
following basic properties are consequences of the defining relations of
χ(G) and the commutator rules (see [14, Proposition 4.1.13] and [10,
Lemma 2.1] for more details).
Lemma 2.3. The following relations hold in χ(G), for all x, y, yi, z, zi ∈
G.
(a) [x, yϕ] = [xϕ, y];
(b) [x, yϕ]z
ϕ
= [x, yϕ]z;
(c) [x, yϕ]ω(z
ε1
1 ,...,z
εn
n ) = [x, yϕ]ω(z1,...,zn) for εi ∈ {1, ϕ} and any word
ω(z1, . . . , zn) ∈ G;
(d) [xϕ, y, x] = [x, y, xϕ];
(e) [xϕ, y1, . . . , yn, x] = [x, y1, . . . , yn, x
ϕ].
Remark 2.4. According to [11, Section 2], we deduce that the following
sequence
1→ R(G)→ D(G) → G ∧G→ 1
is exact, where R(G) = [G,L(G), Gϕ] is an abelian group. In particular,
exp(D(G)) divides exp(G∧G)·exp(R(G)). Consequently, it seems nat-
ural to obtain bounds on the exponent exp(D(G)) using known bounds
for exp(G ∧G) and exp(R(G)). Unfortunately, this approach does not
seem easy to implement in practice, because the known description to
R(G) is unsuitable to give bounds for exp(R(G)). Actually, few infor-
mation can be said to respect of R(G) for an arbitrary group G. See
[6, Section 4] for a description of R(G) for some specific cases of G.
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Let N be a normal subgroup of a finite group G. We set G for the
quotient group G/N and the canonical epimorphism π : G → G gives
rise to an epimorphism π˜ : χ(G) → χ(G) such that g 7→ g, gϕ 7→ gϕ,
where Gϕ = Gϕ/Nϕ is identified with G
ϕ
. We will denoted by π˜D the
restriction of π˜ to D(G).
Lemma 2.5. (Sidki, [14, Propositions 4.1.12 (i) and 4.1.13 (ii)–(iii)])
With the above notation we have
(a) ker(π˜D) = [N,G
ϕ] unlhd χ(G);
(b) The following sequence:
1→ [N,Gϕ] → D(G)→ [G,G
ϕ
] → 1
is exact, where [G,G
ϕ
] = D(G) ≤ χ(G).
In [14], Sidki proved that if G is a finite p-group, then so is χ(G).
Later, in [5], Gupta, Rocco and Sidki proved that if G is a 2-generator
nilpotent group of class c, then χ(G) is nilpotent of class at most c+1.
The next two results are consequences of these above results.
Lemma 2.6. Let H be a 2-generator p-subgroup of a finite group G. If
H has class c, then 〈H,Hϕ〉 ≤ χ(G) is a p-group of class at most c+1.
Proof. Since 〈H,Hϕ〉 ≤ χ(G) is an epimorphic image of χ(H), it suf-
fices to prove that χ(H) is a finite p-group of class at most c+ 1.
AsH is a finite p-group, then χ(H) is also a finite p-group (Sidki’s cri-
terion, [14, Theorem C (i)]). Now, it remains to conclude that 〈H,Hϕ〉
has nilpotency class at most c + 1. Now, the result follows from [5,
Theorem 3.1]. 
Lemma 2.7. Let G be a p-group and x, g ∈ G, such that H = 〈x, [x, g]〉
is nilpotent of class c. Then H˜ = 〈x, [x, gϕ]〉 ≤ χ(G) is nilpotent of
class at most c + 1.
Proof. Set X˜ = {x, [x, gϕ]}. By Lemma 2.3 (c), [xϕ, g, x] = [x, gϕ, x] =
[x, g, xϕ]. From this we can write γc+2(H˜) as follows
γc+2(H˜) ≤ 〈[α1, . . . , αc+2] | αi ∈ X˜ ]}〉
χ(G)
= 〈[[x, gϕ], x, α3, . . . , αc+2], [x, [x, g
ϕ], α3, . . . , αc+2] | αi ∈ X˜〉
χ(G).
Now, it is sufficient to prove that any previous basic commutator is
trivial. First assume that αc+2 = [x, g
ϕ]. According to [14, Proposition
4.1.7], we deduce thatW (G) ≤ Z(D(G)). Since [[x, gϕ], x, α3, · · · , αc+1],
[x, [x, gϕ], α3, · · · , αc+1] ∈ W (G) ≤ Z(D(G)), for any α3, . . . , αc+1 ∈ X˜,
it follows that
[[x, gϕ], x, α3, · · · , αc+1, [x, g
ϕ]] = [[x, gϕ], x, α3, · · · , αc+1, [x, g
ϕ]] = 1
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and
[x, [x, gϕ], α3, · · · , αc+1, [x, g
ϕ]] = [x, [x, gϕ], α3, · · · , αc+1, [x, g
ϕ]] = 1.
Now, it remains to consider αc+2 = x. By Lemma 2.3 (d), we can
rewrite the previous basic commutators of γc+2(H˜) as follows:
[[x, gϕ], x, α3, . . . , αc+2] = [[x, g
ϕ], x, β3, . . . , βc+2]
and
[x, [x, gϕ], α3, . . . , αc+2] = [x, [x, g
ϕ], β3, . . . , βc+2]
where βi ∈ {x, [x, g]}. By Lemma 2.3 (a) and (e), [x, [x, g
ϕ]] = [xϕ, [x, g]].
It follows that
[[x, gϕ], x, β3, · · · , βc+1, x] = [[x
ϕ, g], x, β3, · · · , βc+1, x]
= [[x, g], x, β3, · · · , βc+1, x
ϕ] ∈ [γc+1(H), x
ϕ] = 1.
[x, [x, gϕ], β3, · · · , βc+1, x] = [x
ϕ, [x, g], β3, · · · , βc+1, x]
= [x, [x, g], β3, · · · , βc+1, x
ϕ] ∈ [γc+1(H), x
ϕ] = 1.
because H has class c. The proof is complete. 
3. Proof of Theorem 1.1
The first lemma deduce the structure (and exponent) of the kernel
ker(π˜D), where π : G → G/A the canonical homomorphism and A is
an abelian normal subgroup of G (cf. Lemma 2.5, above). This lemma
will be essential in the proof of Theorem 1.1.
Lemma 3.1. Let G be a finite group and A an abelian normal subgroup
of G. Then [A,Gϕ] is nilpotent of class at most 2. Moreover,
(a) exp([A,Gϕ]) divides exp(A), if exp(A) is odd;
(b) exp([A,Gϕ]) divides 2 · exp(A), if exp(A) is even.
Proof. Note that [[a1, g
ϕ
1 ], [a2, g
ϕ
2 ]] ∈ Z(D(G)), ai ∈ A, gi ∈ G. Indeed,
by Lemma 2.3 (c),
[g, hϕ][[a1,g
ϕ
1 ],[a2,g
ϕ
2 ]] = [g, hϕ][[a1,g1],[a1,g1]] = [g, hϕ],
for any g, h ∈ G. From this we deduce that [A,Gϕ] is nilpotent of class
at most 2.
By Lemma 2.3 (a) and (d) we have that [a, gϕ, a]a = [a, g, aϕ]a =
[a, gϕ, a] since [a, g, a] = 1 and [aϕ, a] = 1. Hence [a, gϕ, a] commute
with a. It is also clear that by Lemma 2.3 (c) we have that [a, gϕ, a]
commute with [a, gϕ]. Now, using Lemma 2.2 with x = [a, gϕ] and
y = a we obtain
(a[a, gϕ])i = ai[a, gϕ]i[a, gϕ, a]
i(i−1)
2
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(ag
ϕ
)i = (ai)g
ϕ
= ai[a, gϕ]i[a, gϕ, a]
i(i−1)
2 .
Then
a−i(ai)g
ϕ
= [ai, gϕ] = [a, gϕ]i[a, gϕ, a]
i·(i−1)
2 , i ≥ 2.
Since [a, gϕ, a] commute with a we have that [a, gϕ, ai] = [a, gϕ, a]i.
Then |[a, gϕ]| divides |a|. It allow us to conclude that exp([A,Gϕ])
divides exp(A) if |A| is odd, since [A,Gϕ] is nilpotent of class at most
2. On the other hand, if exp(A) = e is even, then 2e·(2e−1)
2
is divided
by e. Then in this case exp([A,Gϕ]) divides 2 · exp(A). The proof is
complete. 
We are now in a position to prove Theorem 1.1.
Proof of Theorem 1.1. Since χ(G) is an extension of D(G) by G × G,
it suffices to prove that exp(D(G)) divides exp(G)d, if exp(G) is odd
and exp(D(G)) divides 2d−1 · exp(G)d if exp(G) is even.
We argue by induction on the derived length of G, d. If G is abelian,
the result follows from Lemma 3.1. Suppose by induction hypothesis
that if K is a finite solvable group with derived length s < d, then
exp(D(K)) divides exp(K)s−1 if |K| is odd or 2s−2 · exp(K)s−1 if |K|
is even.
Consider the last nontrivial term of the derived series of G and set
G = G/G(d−1). According to Lemma 2.5 (b), we obtain the following
exact sequence
[G(d−1), Gϕ] →֒ D(G)։ D(G).
Consequently,
exp(D(G)) divides exp
(
D(G)
)
· exp([G(d−1), Gϕ]).
By Lemma 3.1, exp([G(d−1), Gϕ]) divides exp(G(d−1)) if exp(G(d−1)) is
odd and divides 2 · exp(G(d−1)) if exp(G(d−1)) is even. On the other
hand, the derived length of G is d − 1 and then we use induction
hypothesis to establish the formula. 
As an immediate consequence of the above result we obtain Sam-
bonet’s theorem [12, Theorem A] concerning the exponent of the Schur
multiplier of p-groups of derived length d. More precisely, we deduce
the following extension.
Corollary 3.2. Let G be a finite p-group of derived length d.
i) Then exp(M(G)) and exp(G ∧G) divide exp(G)d, p ≥ 3.
ii) Then exp(M(G)) and exp(G ∧G) divide 2d−1 · exp(G)d, p = 2.
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4. Proof of Theorems 1.2 and 1.3
A finite p-group G is called regular if xpyp ≡ (xy)p mod Hp, for
every x, y ∈ G and H = H(x, y) = 〈x, y〉′. It is well-known that if G
is a regular p-group and G is generated by a set X , then exp(G) =
max{|x| | x ∈ X} (see [3, Corollary 2.11]). We are now in a position
to prove Theorem 1.2.
Proof of Theorem 1.2. Since χ(G) is an extension of D(G) by G × G,
it is sufficient to show that exp(D(G)) divides exp(G).
Let ω ∈ γp−1([G,G
ϕ]). By Lemma 2.3 (c) we have that [h, gϕ]ω =
[h, gϕ] since γp−1([G,G]) = 1. Thus, γp−1([G,G
ϕ]) ≤ Z(D(G)), in
particular D(G) has class at most p− 1. Hence the subgroup D(G) is
a regular p-group and it is sufficient to proof that each generator has
order at most exp(G) (cf. [3, Corollary 2.11]).
Let [x, gϕ] where x, g ∈ G. First, we will show that if xp
e
, then
[x, gϕ]p
e
∈ [G′, Gϕ]p
e
. Let H be the subgroup of G generated by 〈x, g〉.
It is clear that γp(H) = 1. Hence by Lemma 2.6 the subgroup H˜ of
χ(G) generated by 〈x, g, xϕ, gϕ〉 has class at most p. By Theorem 2.1
we have that
[x, gϕ]p
e
≡ [xp
e
, gϕ] (mod γ2(L)
peγp(L)
pe−1γp2(L)
pe−2 . . . γpe(L)),
where L = 〈x, [x, gϕ]〉. Since γp(L) ≤ γp+1(H˜) = 1 we obtain that
[x, gϕ]p
e
∈ γ2(L)
pe .
On the other hand, since [x, gϕ, x] = [x, g, xϕ] ∈ [G′, Gϕ] we conclude
that [x, gϕ]p
e
∈ γ2(L)
pe ≤ [G′, Gϕ]p
e
. Thus [G,Gϕ]p
e
≤ [G′, Gϕ]p
e
.
Now repeating the process with a ∈ G
′
and bϕ ∈ Gϕ we obtain that
[G,Gϕ]p
e
≤ [G′, Gϕ]p
e
≤ [γ3(G), G
ϕ]p
e
. Now it is clear that using this
process we obtain that [G,Gϕ]p
e
= 1, since γp(G) = 1. 
Lemma 4.1. Let G be a p-group of class c. Let A = γ⌈ c+1p−1⌉
(G). Then
[A,Gϕ] has class at most p− 1 and exp([A,Gϕ]) divides exp(A).
Proof. Let ω ∈ γp−1([A,G
ϕ]). By Lemma 2.3 (c) we have that [h, gϕ]ω =
[h, gϕ] since γp−1([A,G]) = 1. Thus, γp−1([A,G
ϕ]) ≤ Z(D(G)), in par-
ticular γp([A,G
ϕ]) = 1.
Let [x, gϕ] where x ∈ A and g ∈ G. We will show that if xp
e
= 1,
then [x, gϕ]p
e
= 1. By Theorem 2.1 we have that
[x, gϕ]p
e
≡ [xp
e
, gϕ] (mod γ2(L)
peγp(L)
pe−1γp2(L)
pe−2 . . . γpe(L)),
where L = 〈x, [x, gϕ]〉. By Lemma 2.7 we have that γp(L) = 1 since
〈x, [x, g]〉 is nilpotent of class at most p− 2. Thus, [x, gϕ]p
e
∈ γ2(L)
pe.
On the other hand, [x, gϕ, x] = [x, g, xϕ] ∈ [A,Aϕ] and by Lemma 2.3
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(c) [A,Aϕ] is normalized by L. Hence we conclude that γ2(L) ≤ [A,A
ϕ]
and then γ2(L)
pe = 1 by Theorem 1.2. 
Let us now prove Theorem 1.3.
Proof of Theorem 1.3. Since χ(G) is an extension of D(G) by G × G,
it suffices to consider exp(D(G)).
i) Assume that p ≥ 3. We argue by induction on c. If c ≤ p − 1,
then the result follows from Theorem 1.2. Now, suppose by induction
hypothesis that if M is a p-group of class r with 2 ≤ r < c, then
exp(D(K)) divides exp(K)⌈logp−1(r+1)⌉.
Let A = γ⌈ c+1p−1⌉
(G). Set G = G/A. By Lemma 2.5 (b) we have the
following induced exact sequence
[A,Gϕ] →֒ D(G)։ D
(
G
)
.
By Lemma 4.1, exp([A,Gϕ]) divides exp(G). By induction, the last
term of the exact sequence D(G) has exponent dividing exp(G)m where
m =
⌈
logp−1
⌈
c+1
p−1
⌉⌉
=
⌈
logp−1(
c+1
p−1
)
⌉
=
⌈
logp−1(c+ 1)
⌉
− 1. Combin-
ing these bounds, one obtains exp(D(G)) divides exp(G)⌈logp(c+1)⌉.
ii) Assume that p = 2. Setm = ⌊log2(c)⌋ and d the derived length of G.
According to Theorem 1.1 ii) and the formula d ≤ ⌊log2(c)⌋+1 (cf. [9,
Theorem 5.1.12]), we deduce that exp(D(G)) divides 2d−1 ·exp(G)d and
so, exp(D(G)) divides 2m · exp(G)m+1, which completes the proof. 
As an immediate consequence of the above result we obtain Sam-
bonet’s theorem [13, Theorem 1.1] concerning the exponent of the
Schur multiplier of p-groups of class c. More precisely, we conclude
the following extension.
Corollary 4.2. Let G be a finite p-group of class c. Then
i) exp(M(G)) and exp(G ∧G) divide exp(G)⌈logp−1(c+1)⌉, p ≥ 3.
ii) exp(M(G)) and exp(G ∧ G) divide 2⌊log2(c)⌋ · exp(G)⌊log2(c)⌋+1,
p = 2.
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